Algebraic Approach to Ridge-Regularized Mean Squared Error
Minimization in Minimal ReLU Neural Network
(Joint work with R. Fukasaku and Y. Kabata)

Akifumi Okunol:23

Unst. Stat. Math., 2SOKENDAI, 3RIKEN (AIP/CBS)

https://okuno.net/slides/2025-11-IMI.pdf

A. Okuno Algebraic Approach to Optimize ReLU NN


https://okuno.net/slides/2025-11-IMI.pdf

Q ECBN+FEERE

Q@ —1-3liv NOEREE ZDORE

@ PUrELWTEEHAER

Q@ < DR (Fukasaku, Kabata, and Okuno; arXiv:2508.17783)

Q s~mIT

A. Okuno Algebraic Approach to Optimize ReLU NN 2/42



BoBN+#EEgE

A. Okuno Algebraic Approach to Optimize ReLU NN 3/42



N~
&

73

BT (BRE mBRFE)!

> 5T BRI E, FICFERR & T OERARN.
> EERITIRETEIRRAT CGRRERIL)IIT) ICWE Y.

'https://okuno.net
A. Okuno Algebraic Approach to Optimize ReLU NN 4/42


https://okuno.net

et~ M FEE DA THLETY

Groundiruth:f, Estmator. 1, (1=1) Estmator 1, (1=3)

105 0 05 1
-1 05 0 05 1
105 0 05 1

"L s 0 05 1 <150 08 1 -1 05 0 05 1
TA VS BIAERLAHEE ORI
Okuno and Imaizumi (Elec. J. Stat. 2023)
. e RBDRRERDIFRI) T
(&1%’\0) ik Hattori, Okuno and Roederer (Astrophysical J. 2023)

I} Okuno and Hattori (Ann. Ins. Stat. Math. 2025)
. S —
@7 : T shot#26 [I’
S Pevo

gormicpmnEE ‘

Okuno and Shimodaira (NeurIPS 2020)

ROBK B | REE |
| - r e
‘ i i
-l .k F |
WS TR BB mmarc s SR RMOMSE fremn
I
[P | = . N Ppositive  Pregative
TIARERD D " )
HPE=2— L3 FORREED LR O o:un:§ al. (?’Ifs. Fus. Res. 2024)
Okuno et al. (ICML2018, AISTATS2019) Okuno and Sasaki (Physics of Plasmas 2025)

> IESR~IGAX T, MEIBERTHEALIHY X LESBIFRICBEEIFSLEE .

A. Okuno

Algebraic Approach to Optimize ReLU NN 5/42



SHDBEENA

i

)

> SEMAERIE ReLU(2) = max{0,z} ZAWVWS =2 —F )L R v K
R? > x > [a, ReLU(Bx +¢)] + m € R,

DB IEIELTHRICEHL WD, FHERBTETORMEZIIETES
(Fukasaku, Kabata, and Okuno; arXiv:2508.17783)

v

A. Okuno Algebraic Approach to Optimize ReLU NN 6 /42



https://arxiv.org/abs/2508.17783

—a—Z)bxy hOEREE ZDFRE

A. Okuno Algebraic Approach to Optimize ReLU NN 7/42



e Lz VA

Za—S)IRy MITLFYTILAEEETRETIL.

A. Okuno Algebraic Approach to Optimize ReLU NN 8 /42



> RIPERET IV

—a—JIxRry NOERH

f(x) = Wx + b

> —a1—J)xyv kN (DEHKETHEZ/\—tFbOYV):

M) = WOg (Wg (-0 (Whx 4 6D ) 4 5) 4 5O+,

> o&SEMEEEE WD, 1/{1 +exp(—2)}PReLU(2) := max{0, z} R EE BRI L EH.

> THUMCERARBRTEO=2—FI)Lxy "d'DH 5.

> BEOBONKEWEE, T4—T=Za—S)lbxy hEIER (REBZE).

A. Okuno

A

N> O O~

X7 N7 AN 7

Algebraic Approach to Optimize ReLU NN

9/42



—a—3J)bxy NMIBEEAELIERTH S

> D, =[01]"LTERET . BRQ=1THRFHEERICED L,
FAaEROBETCHEUTZ 2NN EEY 52
> HELYAHER  Cybenko (1989), Funahashi (1989)7: &,

> BRQZIENT L RIVEENDIEHBIITIB KR (Telgarsky, 2016),
> BHQZIBYT & BMELELIZZFEM (Yarotsky, 2017),
> BHQEERICEPEREREBORTFHEE THAREIALL (Hanin, 2017) F 4 -

29 S RIEMAL 0(2) = 1/{1 + exp(—2)} TEBBER—HICMISND

A. Okuno Algebraic Approach to Optimize ReLU NN 10/ 42



(ES7RFR5) RREIFRICES

BEAEEhTRE, RYY—DTLWWRERLICEEL T NS,

A. Okuno Algebraic Approach to Optimize ReLU NN 11 /42



FARBRIARTRRIBIGEA?H

&K & &8 M

Image Speech Natural Reinforcennent
Recognition Recognition Language Learning
Processing
L) L)
: l |k =3
: o
Al for Anomaly Recommendation  Autonomous
Science Detection Systems Driving
2 PV e
A0
Generative Medical Finance / Robotics/
Models Diagnosis Forecasting Control

(Generated by ChatGPT)

A. Okuno Algebraic Approach to Optimize ReLU NN 12 /42



. Okuno

GPUZEWHEL & 5. BLE!

TEBHYNES TTVELE!

INTHARD/NY E—

Algebraic Approach to Optimize ReLU NN

13/42



e R B

> BRERIZOERNSIE, FPERIEINSTES.
L

Optimization g
(e, 56D) Y

(a) True (b) Existing (IPS)  (c) Proposed (SIPS) Sy

WAIC + Overparameterized NN
+ Langevin dynamics

Okuno et al. (AISTATS2019) Okuno and Yano (JCGS2023)

More Expressive Siamese NN

000 R
NN + Ordinal Regression NN + Variation Regularization
Okuno and Harada (JCGS2024) Okuno and Yagishita (in revision)

INEFTLWBVBEPYFILED, BEHEYRyF) LAV

A. Okuno Algebraic Approach to Optimize ReLU NN 14 /42



MLWKRA VB
> JERFLTH B.
» Parametrization L.
> RAEMELADHY, BRITHIRIET % = %< ORI BIE.
> BEAEMNEEICEEICARS. Ea—URTA v IDRAUTETWS.

FBICAWSIBKREEHDA : L(6) = argmin Z{yi — fo(x;)}>.
R

6 (f) ResNet-110-

Li et al. (NeurlPS2018) Fig.5 & V) x5

A. Okuno Algebraic Approach to Optimize ReLU NN 15 /42



BRMPIERIRNILED, VAN LBZTRIELAEWN
> /MEICAWS, RRETE (GESE) : 00+ « o) —yvL(6(0).

Z7 =
o e,

G ER

AN
SO ').i"

> MEH (B —D) TIRERRILENT=K SADHS.
> ZIEDIEKREAKILE, TEnr (B ICHRD ] IHEICK 5.
> BN RTRWVERD = S < OMETERMBREL TLES.

A. Okuno Algebraic Approach to Optimize ReLU NN

16 /42



BERAK[KLZIR T 5O RTOT T b

RIS FRTES L OBE/EE &N B A0 & TOIGH

HERE/ AES
HHEE
EAES
BEESY
BERD

et ]
MR E
WFEHBE

HAZRHAR (FFEL)
HRREAT—FA

25K03087

BEWR(E)

He

—f

NEST60030: Kt R EE

NESH61030: MEEEEFISE

EESENRESVINES0030: 5 HFEE. NES61030:MEEEEEE
st BEET

B EN  RIBIEFR, RSt EESIEMAR, B (40897972)

FHE =D AMAE, BIEFHAR, 813 (40778924)
B8 £l AEAY, A¥RERTFHFAR, F&T (80846949)

2025-04-01 - 2029-03-31

=i (20256E)

BICETEMIER+RICEY, BEETILARNLT Y TTERLIZW.

A. Okuno

Algebraic Approach to Optimize ReLU NN 17 /42



PUWZ EEHER

A. Okuno Algebraic Approach to Optimize ReLU NN 18 /42



ALY W-WZ &

BREABORM&/NMEE2TIZEL .

> BRFRIEMEIETIERWHAE - (LURTUEDOBRAEFOHN L)
> SHEARKT, BOMALITREARAIETRESAVN?

A. Okuno Algebraic Approach to Optimize ReLU NN

19/42



vy

vVvVvVvyVvvVvyVvYVYyyYy

HRDEFRI

20114 : ERERGEEDN T FERRECHRATHRICEESNT.
20134 : BN ZR/TTEHICEB S .
(FRER)
2019%F : EEAE+MEREEHREREP RTINS ERBOMELFHEE ?
2022%F : EALEREM/RT, FBICABVWERWVWANLEE TR TV,
2023 F DEMEZEEERE CTRIELAE - MERLE EHNE.
2023 FEDIMIERICBML THYEWHSATE S (AREE, #L%kE, ).
FTORTUHAKRZICEMELLY, SFREEESTUVLEY, etc
2024 LURE - NEmDE A MEMFE. I EE 5.
2025%F8H  EEMRIL 7Y Y b E .
20255118 : IMIERICRALIAATESD « New!

A. Okuno Algebraic Approach to Optimize ReLU NN 20/ 42



MEORIRERDTATT

E3—E=Za—Jlxy bk (K=E7hOV) OBERTHELD :

NG = WG (W@ (g (Whx + bV ) 4 b(@) 4 p(@+D),

> BRTEC DB SEHILRIN o(2) £ ESERICT 3.

FENN(x) = W(Q+D) {Wm) { , {W(l)x i b(l)} . } i b(@)} 4 p(Q+D)
— W@ Wy 1 b,
> RS A—=ZITRREK DO BB EIRIC A 5.

> B —a1—ZIIxy MNENZVIERRE E EFIENS.
(Aoyagi and Watanabe, 2005; Mehta et al., 2022; Aoyagi, 2024 73 &)

A. Okuno Algebraic Approach to Optimize ReLU NN 21/42



ReLUSEMALEEE o(2) = max{0, z} (&SEMIL/NY —> TRABRTE S :
Hd WeR™I peR" &HD xcR! ZEAET D &,
Hbe=e(W,bx)e{0,1}" BEFELT,

o(Wx + b) = diag(e)(Wx + b).

=72 L diag(e) EWAMD D e DIAEITII.

> BIZIE Wx+b=(3-221-1)&d3&, e=e(W,bx)=(1,01,1,0) THY,
ReLU(Wx + b) = (3,0,2,1,0) = diag(e)(Wx + b),

EWDEITDEE .
» Arora et al. (2018), Pilanci and Ergen (2020), Mishkin et al. (2022), ....

A. Okuno Algebraic Approach to Optimize ReLU NN 22 /42



—RRICHERRTZE %

HBNRTA=5 0=WWO b, EAF xeR! ZEETDE, EBL=12,..., L D
EMEERY— ep = €0, x) € {O 1}me NEELT,

WMmva@“m%@@h@M@m%w@*h{~

- diag(e®) {W(nx 4 b(l)} . } 4 b(Q)} 4 pl@+1).

> £=(eW), 5D, ReLUZa—F )Ly MIBEMRTIRICAR S,
> ZDEE, 139&55%5(

2}%—95&P+MW@

I 6 ICREAT3ZERICKD.

A. Okuno Algebraic Approach to Optimize ReLU NN 23 /42



FeDT714 77 (HHES)
> IBREAEN 0\ (0) 1F/XT A —% 0 ICBHT 2% IER.

> TOENEIE (LSA) UTOHERERZ®/LILS :

0¢Lx(9)

= 0.
E2EE

> CHIFETERBN R > TWAREZDEDTI?

A. Okuno Algebraic Approach to Optimize ReLU NN

24 /42



< DFRFE (Fukasaku, Kabata, and Okuno; arXiv:2508.17783)

A. Okuno Algebraic Approach to Optimize ReLU NN 25 /42



EWVWDIDIFT

060(6) _ O{XIy (v — HO0)Y +AI6I3} _
00 00

£ GRIESAK) RUTE D X IEHEMRR -

ETR B AN,

SIREIEER L L.

A. Okuno Algebraic Approach to Optimize ReLU NN 26 /42



> SEMAERY—2 E= (@) 1F 18T X =% 6 EAF x ITIKTE.
> (ER) FEHERI—VERDTHOLRBE/NT A —F EROLN.
> (RE) NSA—IDEEXD EFML/NNS—UIRES.
> ]

> E-5EF0 &, TAT x ADIKE] HRAZEELL L.
> ABICE>TETUHIEDL D, EWVWDDIFFEEICHELFEN--,

A. Okuno Algebraic Approach to Optimize ReLU NN 27 /42



SEEXAICKBIERBICRNDIINBTATT

LRYPIIELVDTIE?

b RIEMALSY — Y A RE L THEARRERY .
b HTEABOS 5, RELEMIL/S—2 587 LTNE 0K FE5,
> SEDEMAL/ Y — TRERD, BRHICT—.

SEEAENY -V DEAEDLERICH CEERRRXE GIERKT) @iFiELwe,

EdEHL, RITT B

A. Okuno Algebraic Approach to Optimize ReLU NN 28 /42



FEHAEEE : WS O D DIRE

> LIEOZMRTIE, BEDLD Q=1BICREY. 2%V
falN(x) = [a, ReLU(Bx +¢)], 6=(a B, c).
RELZRFE%E L £95 (a,ceRE B eRMXD),
> NNSA—=F aZHOLHLHHEE P =(B c)IlD2WT

=1

O() = min {Z{y/ — fo(xi)}* + A||9||§}

TH25 THIEBEEKICAZOT, REMIC 6Y) 28MET 3.

42F§EI’JL_L¢ DB IS BE
SRRETFICE TR Y v VIRFERIC L > TREIBTEICKE 5.

A. Okuno Algebraic Approach to Optimize ReLU NN 29 /42



STEMENNY —VDEFRE/INTA—FEEOHE

> @U%L:ﬁﬁ\,\é?—&‘lz‘y b % {(X,-,y,-)}le t?‘é

> cu() =[x+ &L, en=en() = {1_1 S eTs oL,
RLU(E(¥)) = “ 2 &u().

> I, SEMENRY =V E = E(Y) = (eyp) ER™E ERBNRIA—FER:

V(E)={Y eV |&(P)eig>0,ViL}

CXS>EFETIZ{0,1}TLE, BEDRH +1 ICEBLET.

A. Okuno Algebraic Approach to Optimize ReLU NN 30/42



R D23 & IR
> REHMELIZVDIE 25 (W).
> ZEMRNRNY—Y B B, ... TORTA—=HE] : U(E), V() .. IZ8WT
Oe(W) E—HT BRIEE 0, £ (v) 2DV ICRIMET 5.

R3-MSE Algebraic surrogates (Rational)

=) | ' <L | !
| | | |
J J J J
\\1/ G N NE
~ ~ —~ —
a5, @) e, ) e, (W) e, W)

@)

> Ol g(¥)/0Y =0 DF (D LEHOAR) FETERBTKRE 2.

A. Okuno Algebraic Approach to Optimize ReLU NN

31/42



EERDFHRE

Algebraic
Surrogate
Candidates in ®(E;)
Variable Projection fl,El (lli) < Candidates in I'(E;)
(Reversed)
_ ? < Candidates in ®(E,) v o
t’,l(a, B, C) - fl(lp) AEz (IIJ) Candidates in I'(E;) VOI‘IGb-;-e prOJecfl-lon *
RR-MSE R YT—T—0
i Minimality
(1[)) < Candidates in ®(E,n.) verification
A EZnL Candidates in I'(E,n.)
\ )\ Y J\ J
Preparation Computational Algebra Merge
(Section 2) (Section 3)

> NS A—SDERBORADOR/NE (15EH) FNEITLEREM. &< LT,
> HERHNEER-

A. Okuno Algebraic Approach to Optimize ReLU NN 32/42



AN EEZRDH ?

> DEGEEABEE T EMNY—Y £ B e {—1, +117HIDWT,
e (V) & L@ BBEREICENMEZEE D 5.

Surrogate 4’1,51 @)

B
oundary I Surrogate &,Ez @)

Local Minimum on the Boundar

Partition W(E;) Partition W(E,)

> U I T SNACIRSNAC)) DELELD (BT RNETHRWD,
DEEG TRIBRA#RI DY B DL S S HIRT RARMNELHY S 5.

A. Okuno Algebraic Approach to Optimize ReLU NN 33/42



RR DR INME

> Y NEREICHD & $2 1, LIZDWVWT () =[be, xi] +c=0.
> Lagrange DRERHBCEERRIFIE L\ -

gp{exf(w) T Bea()} =0

B

FKO (arXiv:2508.17783) Theorem 2

O DBFTR/IMEI,

(1) NS X =4 DERY Y(E) DRAICH D, RIEEH L) (V) DREFIRANED,
(2) BMARLEICHD (BRABPTD) BAMRNEDES LH LA,

> LD ->T, BAOEMBEHEREENZEN (DOMSD) OFRELTHTL 5.

A. Okuno Algebraic Approach to Optimize ReLU NN 34 /42


https://arxiv.org/pdf/2508.17783

REZ K
fibo.... f R[] EEFRBSERET B L&,

V(.o f)={YeV]A{WY)=0HA(¥)=0,....f(¥) =0}
ERBS R E TS, GrobnerE K% RO TREN BB SHRENEX .

SETOH
HEBEHONE < ], 60(¥) £ 0 TORERER LW 0 ORESH,

v (num (GEAé/jw))) v ( e (56\ £(¥) ) H £4(0) )

> BROFBARICHIST 2RBEHRAEEARICET 2.

A. Okuno Algebraic Approach to Optimize ReLU NN 35/42



Nzl IAYS

> DEEEIEE A 2L B#LHARVDT,
ZFDITRTOEAEDLETERICREZHEKEERD B.

> HTEBIBARNMNEDIERE 2D T,
BENEZEFIv I LTESILEDZRABE L THNT 2.

EERDLOIREDT, RMDEINIFPALIPBARNMREEITRTEATWVS

A. Okuno Algebraic Approach to Optimize ReLU NN 36 /42



ERICP > THT:

> AARTd=1, ZFHL=2, YV TIH 14X n=5.

o) = (— 20 5N ey = (A 102 oy (L1006
V)= "100' 100/ VY27 \1000100/) V7" 100° 100/

o) — (2036 oy — (T 132
“Y4)=\"100" "100) V® T\ 100" 100/

> ZDIHE, EMHIE/NNY—DEAEDEEIT 2" = 1024 H B8,

8D F 1) 1024E|GrobnerBEEAZKH B EWVND T &.

A. Okuno Algebraic Approach to Optimize ReLU NN 37/42



STERER

© Interior Minima  Boundary Minima

> )y VAL E ANT=DISER > 7 (LRTTDRES) NHTEL.
> MIZAREITRTEREL ST

A. Okuno Algebraic Approach to Optimize ReLU NN 38/42



B[ T

>

A. Okuno Algebraic Approach to Optimize ReLU NN 39 /42



% % iRiE

> HEENKRETE.
> NSX—GH%ECT = 10HY) DABEEEILIIHLER S
> HU T A XEEPY = BHBMEZS

Variable Projection

< Candidates in ®(E;)

[3-,51 (lll) Candidates in I'(E;)
Candidates in ®(E,) rsed)

'el Ep (lp) < 2 Varidple projection

4’/1(‘1' B, C) —-> gﬂ- Candidates in I'(E,)

R3-
RR-MSE
Minimality

verification

Candidates in ®(E,n.)
O ) <L

Candidates in T'(E,n.)

> 5k, BLXUBEET ZHERXDGrobnerEEDEEETER E -

A. Okuno Algebraic Approach to Optimize ReLU NN 40/ 42



Bix

582 : FIEEMIC L3 BN RIRO—o>3vT

mRaE
T B, BRELET. DBREGAS S
wiETE &) B, SNERFZLS.
« LB £ 2026825 161 - 170
« 487 ; Gt HUBHTA DIOST (FiE)
CA—PFAY : BT GRBT/RRA/DT
10/30}85 - BRO nEaELE. R

LTI, BESINHUNEEERFATEALATT.
RETa-n (FE)

(CORRRULTRGEE)

2A16H

13:00-13:30
BEER (GEHUBRLR)
R B
13:30-14:30

BEE (LREAS)

BA

14:30-14:45 58

14:45-15:45
BB (HEAS)
TBA

[ 15:45-16:45 25— 7952

2B 16H-17HO##HF (https://okuno.net/events/ISACT2026)

ERFETH, TOBTICETL LT W]

A. Okuno

Algebraic Approach to Optimize ReLU NN

41 /42


https://okuno.net/events/ISACT2026

XY MIRSTHET - MHFEEICEYT 2EM - KFELR Y, BRIBFICTEELL IV,

okuno@ism.ac.jp

(SH®DEM) https://okuno.net/slides/2025-11-IMI.pdf

A. Okuno Algebraic Approach to Optimize ReLU NN 42 /42


okuno@ism.ac.jp
https://okuno.net/slides/2025-11-IMI.pdf

	自己紹介+講演概要
	ニューラルネットの基礎とその課題
	やりたいことと出発点
	我々の研究 (Fukasaku, Kabata, and Okuno; arXiv:2508.17783)
	今後へ向けて

