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Problem: CCP estimation

Purpose of this study
is to model the conditional cumulative probability (CCP):

P(H<u|X=x)
(or equivalently, P(H > u | X =x)).

» Example (real-estate):

-
IP (House-price < 100, 000[dollars] | House-age = 10[years]) = 0.7

» Monotonicity is required:
IP (H.-price < 10,000 | H.-age = 10) < P (H.-price < 20,000 | H.-age = 10)

» \We want to interpret the interaction between X and H.
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Background
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Ordinal Discrete Response

Gedl2,..., J}: ordinal discrete response associated with the covariate X € RY.
Dataset Response G Covariate X
car Rating {1,2,..., 5} maintenance, #doors, #persons, . ..
heart-disease Diagnosis {0, 1, ..., 4} Age, Chol, Ca, Thal, ...
wine-quality Quality {1,2, ..., 9} acidity, sugar, density, pH, alcohol, ...
shogi, chess, ... Rank {1,2,..., 9} 7007

» Typically, J < 10 is considered (not so much!).

Okuno and Harada N3POM 8/48



Conventional: Proportional Odds Model (POM)

Prom(G <Jj | X =x) =o(e; + (B. %)), 6 = ({a)};.8).

n
Lrom(6) = Y _log {Ppom(G < g | X =x;) = Ppom(G < gi — 1| X =x;)}
i=1

=Ppom(G=gi|X=x;)

) Monotone! (aslong as a; <ap < - < ay).
> aji1 = o +exp(y)),
> Q=+
> a1 =aj+ |yl,... can be implemented easily.

Q) B is constant for j =1,2,..., J

Okuno and Harada N3POM
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Is B really constant?

Impact of each covariate may be different depending on the degree of response:
» |n restaurant-ratings,

> good hygiene (cleanliness) seems more important for expensive restaurants,
» good wine-selection seems more important for expensive restaurants, ...

» |n house-price evaluation,
» distance to convenience store seems less important for expensive houses, etc...

Coefficients B seems not constant for some practical cases.
(see Long and Freese (2006); Williams (2016))

Okuno and Harada N3POM 10/ 48



Conventional: Non-Proportional Odds Model (NPOM)

Pxpom(G <J | X =x) = o(a; + (B}, X)), 0 = ({a;};. {B;}))-

) Coefficients vary across the threshold j =1,2, ..., J.

Q) Three difficulties:
(D-1) monotonicity is not guaranteed (i.e., PxpoMm(G <J | x) € Pnpom(G <Jj+ 1] x)),
(D-2) adjacent proximity is not guaranteed (i.e., B, # B;1).
(D-3) cannot consider continuous response.

Several approaches are proposed to address each difficulty.
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Solution to (D-1) monotonicity
NPOM is expected to be monotone, if NPOM gets closer to POM (as POM is monotone).

» Define B; =B + d; and penalize [[§;]|. (A — oo indicates B; — B (POM)).
(See, e.g., Wurm et al. (2021), Lu et al. (2022), Tutz and Berger (2022))

) Biased if the coefficient is \ is large.
L3} Not monotone if the coefficient is A is small.
3 No solution to choose \.

Solution to (D-2) adjacent proximity
Fused penalty.

> Zf;ll NlIBj 1 — B3, (see, e.g., Tutz and Gertheiss (2016), Ugba et al. (2021)).

€} Cannot be simply incorporated into the monotone models.
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Solution to (D-3) continuous response
Continuous extension of NPOM.

Satoh et al. (2016) proposed a continuous model:
Psaton(H < u | X = x) = 0 (asaton () + (bsaton(v), X))

with polynomial functions agaton(u), bsaton (/).
) Functions asaton, bsaton are restrictive.

) Monotonicity is not guaranteed.

Okuno and Harada N3POM 13 /48



Baumann et al. (2021) and Kook et al. (2022b) consider a model
Pperm(H < v | X = x) = o({bpcTm(v), epctm (X)) + epcrm(X)).

with the Bernstein basis expansion (Farouki, 2012) for bpcrav(v) and estimate eporm(x) by
deep NN.

) Monotone if epcra(X) is suitably estimated.
T3 Not compatible with our setting, as we fix cpcTm(X) = x for interpretability.
> If cperm(X) = %, the DCTM model cannot be monotone for both x, —x simultaneously.

We appreciate Dr. Kook for reference information and kind comments!
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Proposal
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To address these difficulties (D-1)—(D-3) simultaneously, we propose:

Y Neural Network-based NPOM (N° POM )

Propon(H < u| X =x) = o(a(u) + (b(u). %)), (u € [L.J]).
NN

» a(u): piece-wise linear increasing function.

» b(u): neural network (one-hidden-layer perceptron).

) Functions a, b are expressive enough!
) Interpretable! (by considering b(u))

© Monotone? (2 yes, we provide a sufficient condition!)

Okuno and Harada N3POM 16 /48



Details

» Piece-wise linear increasing function (parameterized by ¢, {¢©,}):

0 (z<0)
¢+Z|<Pr |[ e lﬂ , where [z =<z (z€]0,1]).
s 1 (z>1)

» Neural network b(v) = (b1 (u), bo(u), . . ., b,(u)) (parameterized by

{wig Wit v vl d):
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Ordinal Continuous Response

H € [1, J]: ordinal continuous response associated with the covariate X € RY.

Dataset Response H Covariate X

fuel efficiency miles per gallon horsepower, weight, acceleration, ...
housing price dollars per unit area  houseage, distance to station, ...
cement property compressive strength  cement, water, age, ...

survival analysis lifespan 7707

Tabe-log (BXO%") score [1,5] 27777

» Also, discrete response with large J can be regarded as (pseudo-)continuous.

Okuno and Harada N3POM 18 /48



Monotonicity

Proposition 1:

Prapon(H < u | X = x) is monotone for any fixed x € RY = b(u) is constant.

This prop. clarifies that non-proportional models cannot be monotone for entire R.
We instead consider the monotonicity over a restricted region
Xo(n) = {x€RY| x|l <n}  (CR).
» For instance, house-price is expected to be no more than $101°.

» Typically, n := max; [|xi]|2.

Okuno and Harada N3POM 19 /48



Not monotone

Figure: Our strategy is to guarantee the monotonicity for any fixed x € X>(n).
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With p[ - = sup,cg |0/ (2)|, consider an inequality

p 2
(%) minimum slope of a(u) > n- ,0[1] Z{Z W;£22Wk2|} :

k=1

neural network weights

Proposition 2:

If (%) is satisfied, Pyspom(H < v | X = x) is monotone for any fixed x € X>(n).

» There exists a trade-off between n (area of X>(n)) and the fluctuation of the NN b.
(see next page!)
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Interpretation of the condition (%)

4 2
(%) minimum slope of a(u) > 7n-pll. Z {Z |Wk,Z Wke|} :
k=1

=1

neural network weights

» Small n (small covariate region) = NN weights W,EZ) W,Ee) can be large.

» Large n (large covariate region) = Small NN weights nge) W/Ee)

» 1 — oo (X(c0) =R?) = Constant NN (i.e., W,E Z)Wﬁ) — 0)
compatible with Proposition 1.

Okuno and Harada N3POM 22/48



(Conventional) Minibatch Gradient Ascent Algorithm

» | og-likelihood to be maximized:

n

£0) == — Z {log olt(a(h;) + (b(hi), x;))) + log(alM () + (bl (h;), X/>))} ,
n =1

» Initialization: 9(0)

» For each iterationt=1,2, ...,

» Uniformaly resample minibatch /(9 of size N from {1,2,..., n}.
» Minibatch Gradient Ascent: 81 < 9(t) — ()20 (9(1)), with

£9(0) = = 3 {log ol (a(hy) + (b(h). %)) + log(al¥ (i) + (B (1), x,)) }

iel®

(satisfying E i [€()(8)] = £(6)).
» However, monotonicity is not guaranteed.

Okuno and Harada N3POM 23 /48



™ Monotonicity Preserving Stochastic (MPS) Algorithm
Repeat the following steps until convergence:

(1) Compute a single step of minibatch gradient ascent algorithm
(2) With the coefficient

_ minimum slope of a(u)
c:=ming 1,

5 2
URSE \/Zk 1 Ze 1|W/£e)Wktz|}
replace (2) b

Wi g W /Ez) /E,e by ﬁwﬁ},fw,gle) fv,ﬁle) to satisfy (%).

) Monotonicity is guaranteed!

Okuno and Harada N3POM
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Summary: Training N°POM

Input: observations {(h;, x;)}?_; and optimization parameters.

(1) Round [hj] € {1,2

(2) Apply existing NPOM? to ([h;], x;) and obtain discrete coefficients 81,85, . . ., B
(3) (NN lInitialization) Distillate the coefficients so that b() B, = 1,2, ..., J).
(4) (NN Training) compute MPS algorithm.

-
Output: 3 (u), b (u).

"serp package, that penalizes [|B,,; — B3 (Ugba et al., 2021).

Okuno and Harada N3POM
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NN Initialization (1/2)
-
» How to distill the NPOM coefficients G j for initilization?

we employ an NN using sigmoid activation function p(z) = 1/(1 4+ exp(—z)) and L > d; with
a sufficiently large constant T (e.g., T = 10, satisfying p(—T) ~ 0, p(+T) =~ 1), we define

J
2y 1 a
V/E):jg B jk
Jj=1

SO ) Te (tef12,..., J})
£ 0 (Otherwise) '
o JT (e{r2..., J})
Wie = .
0  (Otherwise)
-
(2) -1 (2)
Bex = Vi = 2gs=1 Wisp
wS) = 50) (efl2. ... I vkefioa.. . dy.
0 (Otherwise)
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NN Initialization (2/2)

bk(j) = Z W,Ei)p (ngle)j + v/(([)) + V,EQ)

J
~ > W) {p(—00)1(i < £) + p(0)L(€ = j) + p(co)L(£ < J)} + v

=1
j-1
2 2 2
= wZ)p(0) + Y- wif + v
=1
- .
(2 Jj—-1 . (2) j-1
By —v. — W
_ Pk~ Yk )3y kl +ZWke+VIE2)_ﬁJk
p(0) =
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Adaptation to the discrete responses

Discrete responses {g;} are not sufficient to fully train the continuous model f,(x).

With e, e, ..., ep ~ U[—0.5,0.5], we define a random perturbation operator:

¢(gj) :=argmin|(gi+e)—Jjl, (€{1,2 ..., n}).
JE[LJ]

Although heuristic, this perturbation operator is explainable in the context of OLS
regression:

the estimated regression function in OLS converges to the conditional expectation
f.(X) =E[G | X] = E[€(G) | X]; it does not cause any bias.

Numerically better for NN training.
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Weak derivatives (1/4)
For rf€{2,3,..., R}, kt € [d], 2" € [L] and u € U, we have

16}
%fU(X[) = ]_,
a . u _J‘rff]_ :|:|
—f,(x;) = sign || ,
5o ulx) = signlp) | L2
0 0
Tf (X/') = Xikt —y (1) ka( ) Xikt W, ;ET)eTp[ll( /ETl)gTU—i_ VlE:,)eT)’
OV OVt gt
0 0
qu(xi) = /H@ @) byt (u) = X,
Vit Viet gt
0 0 1
GW( ) fu(xi) :XikTkaf(U) /kTW(T)eT 9[1]( ;ET)zTU+ /Ef)et)
Al kt gt
0 0 1
——ay fulXi) = Xt ——gybit (1) = Xt p( ,Ef)ﬁu + V/E’r,)gT)'
6WkT ot awkw
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Weak derivatives (2/4)

3] al21 i ( hi—ji_
£¢ ) = sign(®,+) ZC: ]E . [{ . lﬂ

a(p fl -/f'T _JrT 1
51gn © 1 1
rT
L(hi € Upi 1) =7
Jr’r _Jr’r 1 Zl ri— 1 f/g](xl)
o © ol (x)) @)
— = RS SR S A [1] (l) (1)
8v£?ﬁ£d9)_Ec’olll(fhv(x,-))x Wi P (Wi i+ Vi)

1 (2 1 1
ZC’ M (x;) X Wi Wt PP Wi i Vi)
o (Xi)
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Okuno and Harada

Weak derivatives (3/4)

° ol (x
ZC/U (h'(XI))X/ki
2% 5111(, (x,))
= aPl(f (x)
0 (X @ pol py M
z; ¢ oI (fy, (x;)) ' Hii hioM (Wi + v, )
n
1 2 1 1 1
+Y C"[l]{x"kT Wﬁf,)ef Wﬁt,)ef hfp[Z](WIET,)eT hi + Vif,)ef)
i1 T (X))
+ Xigi W;E?,)efp[ll(wﬁ,)ﬁ hi + V;Efl,)ef)}'
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Weak derivatives (4/4)

=~ al(f,(x))
Bl (fi, (xi e (1)
kTeT ZCIU[I(f (xi)) Xt Py 1 i+ Vi)

i

1 1
+ZCITX/M /Ef)ﬁp[ll( ;Et)glh + szt)
=1 T, (xi)

» We implemented these weak derivatives manually:
https://github.com/oknakfm/N3POM/blob/main/scripts/functions.R

» Modern technology: “automatic differentiation”
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Numerical Experiments
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Synthetic Dataset Experiments
> a.(u) =2u—29, bi(v) = (=14 mu? 1+ mou?),
> x; = (I’,‘ cos6;, risin 9,’), ri ~ U[O, 1], 0; ~ U[O,2’IT), h; ~ U(a*(u) + <b*(u),x,->).
» Number of hidden units: L = 50.

Model Optimizer Response (m, TE) =(0.05, 70'(1?)

MSE( b 1) MSE( b>)
N3POM MPS h; | 0.066 (0.158) 0.120 (0.152)
N3POM MPS ¢([hi]) | 0.116 (0.101) 0.162 (0.092)
N3POM MPS [hi] | 0.516 (0.061) 0.531 (0.034)
POM polr [hi] | 0.516 (0.024) 0.514 (0.022)
NPOM (ridge) oNet [hi] | 0.230 (0.041) 0.234 (0.080)
NPOM  (elastic) oNet [hi] | 0.220 (0.184) 0.292 (0.197)
NPOM (lasso) oNet [hi] | 0.203 (0.197) 0.273 (0.205)
NPOM serp [hi] | 0.174 (0.075) 0.195 (0.086)

» N3POM is the best even for other settings (my, mz) = (0.05, 0.05),..

Okuno and Harada
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Real-world Dataset Experiments
(Preprocessing?)
» Covariates {x;}?_; are normalized (centered and scaled).
» Responses {h;}_; are Affine-transformed to take value in [1, 10] (J = 10).
(NN training)
> \We repeat 5000 iterations for MPS algorithm.

> With different random seeds, we compute 10 trials of MPS algorithm
(and plot the results of the 10 trials).

Interpretation: we monitor s(u) = —b(uv):

logit (Pxspom(H > u | X =x)) = r(u) + (s(u), x),
with r(u) = —a(u),s(u) = —b(u).

2Datasets are collected from UCI Machine Learning repository (Dua and Graff, 2017)
Okuno and Harada N3POM 36 /48



s1(u) = -b1(u)

$5(u) = ~bS(u)

Okuno and Harada

autoMPG6 (n=392,d =5)

» Response = fuel efficiency (miles per gallon)

PCA plot of X Histogram of h log-likelihood via MPS.
. °
o e ~ -
. o | T
N k-1
Dataset: ! 83
o il =
3 g 3
& FER @
autoMPG6 s 3
o 0
~
°° T T ] B e e
10 20 30 40 0 1000 3000 5000
Response (Mpg) Iteration
1. Displacement 3. Weight 4. Acceleration
o 3 3
& & 3
g 2 3
] 7 ;
i f f
3 3 o)
b 2 3
pom
- - nualsae
N3POM

37/48



autoMPG8 (n=1392,d =7)

» Response = fuel efficiency (miles per gallon)

PCA plot of X Histogram of h log-likelinood via MPS
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real-estate (n =413, d = 3)

> Response = house price of unit area

PCA plot of X Histogram of h log-likelihood via MPS.
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boston-housing (n = 506, d = 12)

> Response = median value of houseprice

Okuno and Harada
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concrete (n = 1030, d = 8)

> Response = compressive strength

PCA plot of X Histogram of h log-likelihood via MPS.
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airfoil (n = 1503,d = 5)

P> Response = sound pressure

PCA plot of X o Histogram of h log-likelihood via MPS.
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Conclusion
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Conclusion

(1) We proposed N>POM and MPS algorithm with theoretical guarantee.
(2) N3POM demonstrates better performance than conventional NPOM.
(3) N3POM s applied to several real-world datasets.

» Paper: https://doi.org/10.1080/10618600.2024.2321208
» Contact Info: A. Okuno (okuno®@ism.ac.jp)

% \We appreciate Kohei Hattori, Keisuke Yano, Shuichi Kawano, Kei Hirose, and Lucas
Kook for helpful discussions.
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Non-linear extension of NPOM (Kook et al., 2022b)

Ordinal regression is generalized to non-linear models, leveraging

» Gaussian process (Chu and Ghahramani, 2005),

» neural networks (Cardoso and da Costa, 2007; Vargas et al., 2019, 2020).
Complex intercept (Cl) model in Kook et al. (2022b) considers

G(CI)( = ap(x Zexp Ye(x))

with non-linear functions {fyc}gzl. This model can be regarded as a response-dependent
prediction model (i.e., a non-linear extension of NPOM). While this Cl model is guaranteed
to be monotone for increasing j =1,2, ..., J and they have high expressive power, the model
cannot be extended to continuous response (as we cannot estimate uncountable many
functions {vc}ceq1, ), and it is hard to interpret the relationship between the covariates and
the response, through the estimated non-linear functions «y..
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Marginal effect (Agresti and Tarantola, 2018)

We may employ a marginal effect (Agresti and Tarantola, 2018):

%PN3POM(H <SulX=x)
when considering the influence to the CCP directly. However, the marginal effect differs
depending on the covariate x, and it tends to (excessively) shrink the influence to O in the
tail region (u =~ 0, u = J) as oll(—o0) = oll(+00) = 0; unlike the simple coefficients s(u),
marginal effect cannot capture the tendency whether the influence of the covariate increases
or decreases (as u increases), because of the shrinking behavior in the tail region. In the case
of real-estate dataset above, the interesting coefficient sc(u) of house-age that shrinks to 0
as u  J, cannot be detected when using the marginal effect, as almost all marginal effects
shrink to 0 as u ' J (regardless of how the coefficient is important in the tail region). As a
future work, it would be worthwhile to consider a more interpretable score for evaluating the
influence of the covariates in the context of ordinal regression.
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