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Abstract

The functional variance used as the penalty term in WAIC can estimate the generalization error of singular
models with fixed parameter size, but its applicability to over-parameterized models such as neural networks
remains unclear. In this study, we consider over-parameterized linear regression as a linearized setting and
show that the functional variance becomes an asymptotically unbiased estimator of the generalization error.

We also propose a method for estimating the functional variance using Langevin dynamics.
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Overparameterized model gy (e.g., deep neural network):

vi~ge(zi)), ze€RI, (i=12...n).
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Its linear approximation (called overparameterized linear regression; Bartlett et al., 2020)
yi~(x;,B8), x,BeRP, (i=12,...,n)

satisfies p ~ "fiparameters in go". Namely, n < p.

Okuno and Yano Langevin Functional Variance

2/13



(Gibbs) Generalization Gap

A(a) = Eyry (Egoposi[Ily* — XBII3]) — Ey (Egmposia[lly — XBII3])

for test for training
with a ridge-estimator f}a = (XTX/n + a)_ley/n and a quasi-posterior
Pos(a) = N(Ba. Qa).
» Cross-validation:
&) requires retraining (=computationally intensive)

» Information Criterion:

L3 cannot be applied to singular models (e.g., DNN)
3 requires p x p information matrix (=computationally intensive)
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Functional Variance

FV(a) = ZVﬁNPos(a)[log f(yi | xi.8)]
=1

is a penalty term in WAIC (Watanabe, 2010, 2018).

O |Ey[FV(a)] — A(a)| =P 0 even for singular models (with p:fixed, n — 00).

Two problems:
€} (Theory) p in overparameterized models is not fixed (p > n).
3} (Computation) Posterior computation for NN is difficult.
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% Our Contribution 1 (Theory)

Main Theorem (Informal)
Let p > n. Under the following conditions
(i) maxy,; P(u := i-th left singular vector of X,,) = o(n/vol(S"1)),

(ii) 1P>< izn:a,(xnf < s*> — 1 (n— o), and
=1

—
~n=1 Y1 Ni(Fisher(gp))
(iii) IBolloo < p~%/2b,
it holds that  |Ey[FV(a)] — A(e)] =P 0 (n — o0).
) Gaussian x1, %o, ..., Xn g Np(p,, Zp) (trX, < \i) (see, e.g., Eaton (1989))
) Deep/Shallow NN gy (see, e.g., Karakida et al. (2019))
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Langevin Gradient Descent

ﬁ,(i 5 Parameter space RP

Optimization B(Z)
(e.g., SGD)
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Posterior = Langevin Distribution

ty(t+1) — ’Y(t) — Eéiw + 51/2e(t) e(t) ~ N\ (0 | )
4" 02 Oy —— PRSP

Normal Noise

Gradient Descent
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% Our Contribution 2 (Computation)

n
cf. Existing FV:  FV(a) = > Vg posayllog F(yi | x;.B8)].
i=1

n
Langevin FV : LFV((X) = Z‘Q'YNLangevin(oc)[log f()/i | X/:'Y)]'
i=1

) Simply computed with GD-based packages/wrappers (e.g., PyTorch)
) Does not compute p x p Information matrix (unlike TIC/RIC/GIC...)
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Numerical Experiments 1: Linear

Synthetic Data Generation:
> p=2n, with n =100, 200, 300, 400.
> U e R™" Ve R™P are uniformly sampled from orthogonal matrices
> Bo ~ N0, p'1,),
» with given singular values s = diag(s1, s, - . ., Sn),

X=USV' and y~ N(XBo.1,).

LFV Setting:
» 0=1/(10n), T = 15n.
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Numerical Experiments 1-1: Linear (s; = 1(/ < 10))

Table: p/n=2, a =0.1 6 = 0.1/n, fPosterior = f{Langevin = 15n, ff{MonteCarlo = 50

n 100 200 300
Aa) 9.091 9.091 9.001
TIC(k=0) 8770 + 1.412 9.473 + 1.035 9.466 + 0.885
TIC(k =0.1) 8770+ 1.412 9.473 + 1.035 9.466 + 0.885
)

8.458 4+ 1.286 8.845 + 0.941 8.789 £ 0.802
LFV(a) 8.477 £ 1.368 8.966 £ 0.994 8.917 £ 0.792

*TIC with generalized inverse of information matrix (Thomas et al., 2020)
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Numerical Experiments 1-2: Linear (s; = i™1)

Table: p/n=2, o =0.1 6 = 0.1/n, fPosterior = f{Langevin = 15n, f{MonteCarlo = 50

n 100 200 300
Aa) 4.368 4.417 4.434
TIC(k =0) 92.92 4+ 11.81 190.8 + 16.99 289.8 + 31.01
TIC(k=0.1) 91.97 &+ 11.71 1343 + 11.87 167.1 + 17.84
)

4.127 £0.611 4.18 £ 0.341  4.315 £ 0.508
LFV(a) 3.498 £ 0.713 3.926 £+ 0.457 4.1 £+ 0.522

*TIC with generalized inverse of information matrix (Thomas et al., 2020)
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Numerical Experiments 2: Nonlinear NN
NN Architecture:

> go(z) = (8@ tanh(6(Wz + 6(0)) with M = 50, 100, 150 hidden units.
> p:= 0] = M(d+2).

» 1 = gg, for some 6p.

» NN is initialized by 6 ~ N(6g,0.01l,).

Langevin FV Setting
» T € {250,1000}, and § = 107°. We use the last 0.9 T iterations to compute LFV.

Generalization Gap

A = E,- (}7 > {yr - gé(z,-)}2> - %Z{y/ — 9(z))}?
i—1 i=1

is computed over 50 times experiments.
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Numerical Experiments 2: Nonlinear NN

Table: The generalization gap and LFV for the neural network model with n = 1000 and T = 1000.
LFV values for the overparameterized regime (i.e., p = M(d + 2) > n) are gray-colored.

M = 50 M = 100 M = 150
LFV A LFV A LFV A
d=5 643+096 426 6.49+052 441 7.30+£0.80 4.60
d=10 11.03+1.28 875 1291+154 0.18 1356+1.14 9.64

d=15 16.78+1.39 17.64 1893157 18.60 20.13+£2.07 19.46
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Summary

(1) We proved that |E,[FV(a)] — A(e)| =P 0, for p > n.
(2) We proposed a Langevin FV, which is

» simply computed with GD-based packages (e.g., PyTorch),
» no needed to compute p x p information matrix (unlike TIC).

(3) We demonstrated Langevin FV in numerical experiments.
Contact Info: A. Okuno (okuno@ism.ac.jp)
» Another poster of ours (@IASC-ARS): “Algebraic Approach to Ridge-Regularized Mean

Squared Error Minimization in Minimal ReLU Neural Network”
> We enumerated all the local solutions for minimal ReLU NN (using symbolic computation).
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